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SPECIAL SMARANDACHE CURVES IN R 


NURTEN (BAYRAK) GURSES, OZCAN BEKTAS, AND SALIM YUCE 


ABSTRACT. In this study, we determine TN-Smarandache curves whose posi- 
tion vector is composed by Frenet frame vectors of another regular curve in 
Minkowski 3-space RŽ. Then, we present some characterisations of Smaran- 
dache curves and calculate Frenet invariants of these curves. Moreover, we 
classify TN, TB, NB and TNB-Smarandache curves of a regular curve para- 
metrized by arc length a by presenting a brief table with respect to the causal 
character of œ. Also, we will give some examples related to results. 


1. INTRODUCTION 


In differential geometry, there are many important consequences and properties 
of curves studied by some authors [1, 2, 3]. Researchers always introduce some 
new curves by using the existing studies. Special Smarandache curves are one of 
them. Smarandache curve is defined as a regular curve whose position vector is 
composed by Frenet frame vectors of another regular curve in Minkowski spacetime 
in [4]. Special Smarandache curves have been studied by some authors [4, 5, 6]. 
M. Turgut and S. Yilmaz have identified a special case of such curves and called 
them TB2-Smarandache curves in the space Rj [4]. They have dealt with a special 
Smarandache curve which is defined by the tangent and second binormal vector 
fields. Besides, they have computed formulae of this kind of curves by the method 
expressed in [4]. A. T. Ali has introduced some special Smarandache curves in 
the Euclidean space [5]. Special Smarandache curves such as TN), TN2, Ni No 
and TN,No2-Smarandache curves according to Bishop frame in Euclidean 3-space 
have been investigated by Cetin and Tuncer [6]. Furthermore, they have studied 
differential geometric properties of these special curves and they have calculated 
the first and second curvature (natural curvatures) of these curves. Also, they have 
found the centres of the curvature spheres and osculating spheres of Smarandache 
curves. 
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In addition, special Smarandache curves according to Darboux frame in Euclid- 
ean 3-space have been introduced in [7]. They have investigated special Smaran- 
dache curves such as Tg, Tn, gn and Tgn-Smarandache curves. Furthermore, they 
have found some properties of these special curves and calculated normal curvature, 
geodesic curvature and geodesic torsion of these curves. 

In this study, we firstly mention the fundamental properties and Frenet invari- 
ants of curves in RÌ. Then, we give the definition of TN, TB,NB and TNB- 
Smarandache curves of a regular curve parametrized by arc length a in R?. In 
sections 2-4, we investigate and calculate Frenet invariants of TTN-Smarandache 
curves of a timelike, spacelike and null curves in R}. In section 5, we obtain the 
characterisations of TN, TB, NB and TNB-Smarandache curves of a regular curve 
parametrized by arc length a by presenting a brief table. We classify general results 
of these Smarandache curves with respect to the causal character of a. Also, we 
present some examples. 


2. PRELIMINARIES 


The Minkowski 3-space RÌ is the real vector space provided with the standard 
flat metric given by 


<, >= —dax? + dz? + dx, 


where (x1, 22,23) is a rectangular coordinate system of R?. An arbitrary vector 
v = (v1, V2, V3) in RÌ can have one of three Lorentzian causal characters; it can be 
spacelike if (v, v) > 0 or v = 0, timelike if (v, v) < 0 and null (lightlike) if (v,v) = 
0 and v40. Similarly, an arbitrary curve œ = a(s) can be locally spacelike, 
timelike or null (lightlike) if all of its velocity vectors a’ (s) are spacelike, timelike 
or null (lightlike), respectively. We say that a timelike vector is future pointing or 
past pointing if the first component of the vector is positive or negative, respectively. 
Also, the vector product of any vectors x = (£1, £2, £3) and y = (y1, y2, y3) in RÌ is 
defined by 


€1 —€2 —€3 
xX Y=] tı T2 £3 | = (£2Y3 — ©3Y2,L1Y3 — L3Y1, T2Y1 — L1Y2) , 
yı y2 Y3 
where 
€1 X €g = —€3, €2 X €3 = €1, €3 X €1 = —€Q. 


Let a = qa (s) be a regular curve parametrized by arc length in R} and {T, N, B, K,T} 
be its Frenet invariants, where {T,N,B},« and 7 are moving Frenet frame, cur- 
vature and torsion of a(s), respectively. The Frenet formulae of a = a(s) are 
described with respect to the causal character of a’ (s). For an arbitrary timelike 
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curve a (s) in the Minkowski space RÌ, the following Frenet formulae are given as 
follows ([8]): 


T'=KN 
N=«T+7B (2.1) 
B = —1N, 
where (T,T) = —1, (N,N) = (B,B) = 1, (T,N) = (T,B) = (N,B) = 0. 
Then, we write Frenet invariants in this way: T(s) = a’(s), k(s) = ||T’(s)]], 


N(s) = T’(s)/«(s), B(s) = T(s) x N(s) and r(s) = (N(s)', B(s)). 
For an arbitrary spacelike curve æ (s) in the space RÌ, the Frenet formulae are 
given as below ([8]): 





T=«N 
N = -—exT + 7B (2.2) 
B'=7N, 

where £ = +1. If € = 1, then a(s) is a spacelike curve with spacelike principal 


normal N and timelike binormal B. Also, (T, T) = (N,N) = 1, (B, B) = —1 and 
(T,N) = (T,B) = (N,B) = 0. If = —1 , then a(s) is a spacelike curve with 
timelike principal normal N and spacelike binormal B. Besides, (T, T) = (B, B) = 
1,(N,N) = —1 and (T,N) = (T,B) = (N,B) = 0. We define Frenet invariants 
for spacelike curves in this way: T(s) = a’(s), K(s) = ye < T' (s), T’(s) >, N(s) = 
T’(s)/K(s), B(s) = T(s) x N(s) and r(s) = —e < N’(s), B(s) >. 

In addition, the Frenet formulae for a null curve parametrized by distinguished 
parameter a(s) in R$, are given as follows: 





T= KB 
N'= -7B (2.3) 
B= —TT+KN, 


where (T,T) = (N,N) = (T,B) = (N,B) = 0,(B,B) = 1, (T,N) = 1 and 
TxB=-T,TxN=-B,BxN=-—N. In this state, T and N are null vectors 
and B is a spacelike vector. We describe Frenet invariants T(s) = œa’ (s), K(s) = 
||T"(s)|],N(s) = ((l/«)(rT + (1/K) T" + (1/)T”)) (s), B(s) = ((1/«)T’)(s) and 
7(s) =(1/2)[(1/n°)||T""||? — ((1/n)’)?x](s) ((9]). 

Definition 2.1 ([4]). Let a = a(s) be a regular curve parametrized by arc length in 
R? with its Frenet frame {T,N,B}. Then, TN, TB, NB and TNB-Smarandache 
curves of a are defined, respectively, as follows: 


Brn = (T+N) , 





al- Sl- 


Bre a (T T B) , 


1 
m= eB); 
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1 


In the following sections, we investigate special TIN-Smarandache curves for a 
given regular curve a in RÌ. We consider Frenet invariants {T,N,B,«,7} and 
{T*, N*, B*,«*,7*} for a and its TN-Smarandache curve Bry, respectively. 


3. TN-SMARANDACHE CURVES OF A TIMELIKE CURVE IN RÌ 


Definition 3.1. Let the curve a = a(s) be a timelike curve parametrized by arc 
length in R3. Then, TN-Smarandache curves of a can be determined by the Frenet 
vectors of œ such as: 
1 
= —(T+N), 3.1 
Bon Ji ( ) (3.1) 


where T is timelike, N and B are spacelike. 


Let us investigate the causal character of TN-Smarandache curve ry. By dif- 
ferentiating Equation (3.1) with respect to s and using Equation (2.1), we get 


j dBrn _ 1 
Bon ds a TR FT Jo (3 ) 
and 
ri 1 T2 
(Brn; Bry?) =i 


2 
Therefore, there are two possibilities for the causal character of Gp, under the 


conditions 7 Æ 0 and r = 0. Because of the fact that Cas # 1 for at least one 7 € R, 
we know that s is not arc-length of bry. Assume that s* is arc-length of Bry. 


Case 3.1. If r #0, then TN-Smarandache curve Bry is a spacelike curve. 


If we rearrange Equation (3.2), we obtain the tangent vector of Bp, as below: 





1 
T*= i (kT +KN+7B), (3.3) 
where ir 
ds* T 
= —. 3.4 
ds V2 a 


i) Let Gry be a spacelike curve with timelike binormal. 
If we differentiate Equation (3.3) with respect to s, we obtain 








oe = (THEN + TB), (3.5) 
where P 
Ti =-K 7 — #27 
To = -KT -KT HPT 


, 2 
I3 = -KTT T^. 
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Substituting Equation (3.4) with Equation (3.5), we gain 


; 2 
t- 


-l 





((;T+T.N +T;B). 


According to the definition of the Frenet invariants of a spacelike curve with timelike 
binormal, we can calculate the curvature and principal normal vector fields of Bry 
such as: 





eo V2 
k= 5] (-r?2+r2 +T3) 
and 
1 
N* = ———— (THN +T3B), 


JY Tytls +13 


respectively. Furthermore, we have 











T -N -B 
1 
B* = T*xN* = koko F 
Ir|y -ri T +T3 
rı Tə T} 


Based upon this calculation, the binormal vector of Bry is 





B* Hı T+uN + 3B), 


= 1 ( 
In|} /-Ti4ls +73 

where 

Hı = KE3 — TT 2 

lHa = —TT +403 

H3 = —KI2 + KI. 


So, the torsion of yy is given as below: 


KTÌu H 13 (Kp, + M3T) r3 (T343 +y ri + Hal) 
Pas (Ts (Ky — HaT) + Hal + maT3) 
V3 (7D spy + p11 + g's) +12 (TP aua +T2(%H1 — HaT) — Hal3 — Hars) 
o HPUKD3 tg +P 2 (Hol + pT 2 +T3(KP3H + Har + ons) 
g thee +T3)? 











ii) Let Bry be a spacelike curve with timelike principal normal, then the 
Frenet invariants of Bry are given as below: 
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Te = i eE + AN + 7B), 

Nt = : (T,:T+T.N +T3B), 
T? -T2 -T3 

B* = PNE 2 TE (u1 T+uN + uB), 

Ko = (—T?+13 +13), 





KDE +13 («py — HaT) +13 (tT 3plg + mr, + Haľ3) 
+L 2's (T3 (£H — HaT) 
HaT + HoT3) + T2(TT 3Ha + pr — Hals) , 
HTI(—TT 34 4 r2(; Rui paT) Hal2 30's) i 
e Ti(aP3 pg +T2(ul1 + p1r2 + U3 (a0 3p + Hri + ols) 
[7] (T? +13 +13)? l 











Case 3.2. If r = 0, then TN-Smarandache curve Bry is a null curve. 


If we differentiate Equation (3.1) with respect to s, the tangent vector of Bry 


can be written namely: 
> 1 ds 
4/2 ds* 
By differentiating Equation (3.6), we obtain 
. 1 
T* = —I*(T +N), 


V2 


R d?s daN oa 
T - (Soe (#) (k +r’) š 


From the calculations of Frenet invariants of a null curve, we find that the curvature 
k* of Bry is equal to zero. So, there is no calculation for N* and B* in this case. 


* 


k(T+N). (3.6) 


where 





4. TN-SMARANDACHE CURVES OF A SPACELIKE CURVE IN RÌ 
4.1. TN-Smarandache curves of a spacelike curve with timelike binormal. 


Definition 4.1. Let the curve a = a (s) be a spacelike curve parametrized by arc 
length with timelike binormal in RÌ. Then, TN-Smarandache curves of a can be 
defined by the frame vectors of a such as: 


Boge 5 (T+N), (4.1) 


where B is timelike, N and T are spacelike. 
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Let us analyze the causal character of Bry. By differentiating Equation (4.1) 
with respect to s, we have 





Brn = 3 


and 


2K? — T° 


(Brn, Brn) = 2 
In this situation, there are three possibilities for the causal character of 8) under 
the circumstances 2K? — 7? < 0, 2%? — T? > 0 and V2|x| = |r|. Because of the fact 
that aaa # 1 for at least one « or T, we know that s is not arc-length of Bry. 
Suppose that s* is arc-length of Bry. 


Case 4.1. If 2k? — 7? <0, then TN-Smarandache curve Bry is a timelike curve. 


If we differentiate Equation (4.1) with respect to s, we obtain the tangent vector 
of Bry as given below: 


1 








T* = —— (-sT+«N+7B), (4.2) 
/|2K2 — 7?| 
where 
ds* — /|2n2 — 7?| (4.3) 
ds V2 f Í 
By differentiating Equation (4.2) with respect to s, we have 
T* ds* 1 
IPad (Ay T+AN+4;B), (4.4) 
ds* ds 2 213 
|2k2? — | 
where 
Ay = —4k24K! + 2KTT' — De — T?| (K? +K’) 
Ag = 4k?K' — 2RTT' — 2k? — r?| (K? +r +177) 








2k? — 7? 

Substituting Equation (4.3) with Equation (4.4), we gain 
Z ( 

(2k? = 72} 


By using the definition of Frenet invariants of a timelike curve, the curvature and 
principal normal vector fields of Bpy are 


V2 
z (k2 —72)2 (AT + A3 — 43) 











Ag = 4kK'T — 2727! (nr +7’). 


* 





A; T-+A2N + A3B). 





k S= |r 








and i 
N* = —— (ATHAN + 4B), 


VAT +A AS 
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respectively. Additionally, we gain 














T -N -B 
B* = T*xN* = 2 KOK T 
V [262 — 72] / At + AZ — AG 
Ai A As 
From this calculation, the binormal vector of By is 
; v2 
B* = (m T+2N + 3B), 








vlr? — rejv A] + AS — AS 
where 
nN, = KA3 — TA2 
n, = —KA3 — TA, 
Nz = K(A + Ag). 
So, the torsion of Spy is given by: 





—KA}n2+A3(—K, +137) — A3(T Aan tm Ay + Ao 3n3A3) 

+42 A3 (A3 (£N: 4 NT) 23A 223) 

—A3(TAans +m Ay — n45 hs 222) + AF (TAn 

A(—6N1 +37) + NA + mAy) l s , 

~= +A (KAn — KASN + 2024 + 2A2N1N2 — A3 (N34; + 27, A3)) 
(2K? — r?| (AT +45 — 43)? 


Case 4.2. If 2k? — 7? > 0, then TN-Smarandache curve Bry is a spacelike curve. 














i) Let Bry be a spacelike curve with timelike binormal, then the Frenet in- 
variants of By are given as below: 
T* = 4 (-«T+4«N+7B), 
2Ko —T 


N* => Rae (A, T+A2N + As3B), 
B* 





= Fr Ee (nı T+12N + nB), 
pi aa (A? + AZ — A2), 
—KA}n2+A3(—Km + maT) — AZ(TAsns + mA; + mA — 3ngAs) 

+A2 As(As(%ny +137) — 2n3Aq — 272A5) 

A3(TAgn: + mA; — n343 ae 243) + AT (TAsns 

+Ao(—K7, +37) + Nahe + nA) , f , 

= +A (KAZI: — KASN + 2NA; + 2AoM No — A3 (N34; + 2m As) 
(2k? —7?|(AZ+A3—A3)? 

ii) Let Bry be a spacelike curve with timelike principal normal, then the 

Frenet invariants of Bry are namely: 
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TAS = = (-KT + KN + 7B), 
kin 1 | | 
N* = VEEE (A, T+A2N + 43B), 








B* 1T+7.N + 13B), 





= {v2 (n 
JIE S MAAS 
KY = eos VAY - AS + AD), 
KA}N2+A3(—KN, +37) A3(T Aan + Ay + nabs - 3n3A3) 
+42 A3 (A3 (Ky 1 NaT) — 2n3No ; 2n2A3)— 
A3(TA3ng + Ay n343 H 222) + AFTAN 
Ao(—KI, +737) + N24 4 nA) ; ; 
+A (KASN — KAZI. + 224; + 2AeM M2 — A3 (n341 + 2m A3)) 
(2K? —72|(A2+A3—A3)? 





























Case 4.3. If V2|k| = |r|, then TN-Smarandache curve Bry is a null curve. 


The tangent vector of Bry and its derivative with respect to s* are obtained, 
respectively, 





T = adsl KT +KN-+7B) 
T* = (AIT +A3N + ASB), 


where 





At = ds ( x) + (22)° ( K= 6?) 


3 = ln) + (48)" -etr 








Ms = Es (r) + (4) (r +n). 


ae 
Based upon these calculations, the Frenet invariants of 3 are namely: 
TN 
(A3)? + 2A5A3)(—V2nr 2 +f) 
—[ATA3(A3)! + (AF) (A3) + (AT) ASAT) T 

HAZ)? + 2ATA3)(V2K7 JS + n3) 
[AZAZ (A3 + (AD) (A3)? + (A3)'AZAT)I)N 
+((AS)? + 2AFA3)(V 2r? gos +13) 

-[(45) (A3) + (ATA + AZAZAT + A3])B 
((43)2+2A7A3)? 




















N* = 








B* = i AST + ASN + ASB, 
VAPAA 


(A3)? + 2A743, 





oe CAS)? +2ATA3)° (m5 +23 03 )—4(A5 (AS)! FAG (A3) HAT)" A3)? 
8V2((AT)2+2A5 AS) 2 
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4.2. TN-Smarandache curves of a spacelike curve with timelike principal 
normal. 


Definition 4.2. Let the curve a = a(s) be a spacelike curve parametrized by arc 
length with timelike principal normal in RÌ. Then, TN-Smarandache curves of a 
can be defined by the Frenet vectors of a such as: 


1 
= —(T+N), 4.5 
Bry =z (E+N) (4.5) 
where N is timelike, T and B are spacelike. 


Let us search the causal character of Bry. If we differentiate Equation (4.5) with 
respect to s, we get 


r 1 
= —(kT+4N+7B). 
Brn V2 ( ) 
Then, we can obtain 


72 


Hence, there are two possibilities for the causal character of Bry under the condi- 


tions T Æ 0 and 7 = 0. Because of the fact that oe Æ 1 for at least one T € R, we 
suppose that s* is arc-length of Bry. 


Case 4.4. If7 £0, then TN-Smarandache curve Bry is a spacelike curve. 


i) Let Gry be a spacelike curve with timelike binormal, then the Frenet 
invariants of Bry are given as follows: 


1 
A = ee ees 
T 
1 


N* = (A, T+A2N + A3B), 
AAA 


2 
B* = v2 (wT +w2N + w3B) ; 


Iry ài- A2 +3 
* v2 2 2 2 

K = 33] (At A3 H a3), 
— KAS uo +A8 (Kir + HaT) + AZ(TAZW2 — tidy + w22) 
—)2A3(A3(Kw1 4 w3T) H w3rz + W2A3)4 
dB (—TAgw2 + WA, +W3A3) + AZ(—TAZW2 

+A2o(KWy + W3T) — Worx + W3A3) 

+A (—KAZ u9 + A2(H2A1 _ wir. + A3(KA3We2 — W3A4 + w1A3)) 

Ir] (AT — A3 + A3)? 
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where 
Ay = —K7! + K'|r| + 6? |7| 
do = —KT + k |r| + 62 [7] + 72 |r| 
A3 = -TT + KT|r| + rir] 

and 


Wi = KA3 > TAQ 
We = —TA{+KAZ 
W3 = KÀ1 ad KAZ. 
ii) Let py be a spacelike curve with timelike principal normal, then the 
Frenet invariants of ry are as follows: 


1 
TP ie ee 
T 
v1 


4f —AZ + 3 — AB 


2 
B* = v2 (wT wN } w3B) 5 


Irl -A1 + A3 — AB 
‘ v2 
KS = aj ( Ai + Ag — AB), 
KRWe—AB(KW + W3T) — AZ(TAZW2 — iy + wor) 
+A2A3(A3(Kw1 + w3T) + w3rq + war3)+ 
a (TAZ3W2 wr, w3r3) rat TA3W2 
+A2(Kw1 + w3T) wry w3As) 
+A1(KAZwWe + A2(—w2A1 + wir. = A3(KA3W2 Z wW3À1 + wyA3)) 
[7] (Ai -a2 +28)? . 


Case 4.5. If7 =0, then TN-Smarandache curve Bry is a null curve. 


N* 


II 


(Ai T+A2N + A3B), 























If we differentiate Equation (4.5) with respect to s, we obtain the tangent vector 
of Bry as below: 





TS 5 “ K(T +N). (4.6) 
Then, we get 
T* = 1 isy +N) 
V2 dsx : 
where 


. ds ds\?,, 3 
À - (Er (E) (K +r’) 
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From the calculations of Frenet invariants of a null curve, the curvature «* of Bry 
is equal to zero. So, there is no calculation for N* and B* in this case. 


5. TN-SMARANDACHE CURVES OF A NULL CURVE IN RẸ 


Definition 5.1. Let the curve a = a(s) be a null curve parametrized by pseudo 
arc length in RÌ. Then, TN-Smarandache curves of œ can be defined by the Frenet 
vectors of œ such as: 


1 
Pru = T 


where T and N are null and B is spacelike. 


(T+N), (5.1) 


Let us investigate the causal character of Spy. By differentiating Equation (5.1) 
with respect to s, we have 


, d 1 
Brn = Tae = Fale T)B, 





and 


(«— 7)? 


(Brn: Brn) = = 


In this state, there are two possibilities for the causal character of 6, under the 


2 
condition k Æ T and k = T. Since (soy # 1, for at least one « or T, we know that 


s is not arc-length of Bry. Let s* be arc-length of Bry. 
Case 5.1. If k #7, then TN-Smarandache curve Bry is a spacelike curve. 


If we differentiate Equation (5.1) with respect to s, we obtain the tangent vector 
of ry as follows: 
_ 1 ds 
~ 4/2 dsx 


i) Let Gry be a spacelike curve with timelike binormal. 


* 


(« —7)B. (5.2) 


If we differentiate Equation (5.2) with respect to s, we obtain 
1 


T 
v2 





(6,T + 62N + 63B), 


where 
ôi = (22); (—K7r +7?) 
62 = (2) (k? — TK) 
53 = ©§ + (r-r) (#8) (K +7). 
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Then, Frenet invariants of 8) are as follows: 
ôT + ô2N + 63B 


Joa 


py S 2% l Ge eran), 


v2ds 152 + 5169 


1 
= —~4/(62 +669), 
J (63 + 162) 

1 ds 


V2 dsx i 


N* = 











51 — 53 
2 (53 + 6162) 
1 
(53 + 6162) ( 


ii) Let Bry be a spacelike curve with timelike principal normal. 


* 





z (25353 + 4.52 + 5155) 








5205 5203K + 04 = 637) 





Then, Frenet invariants of 6, are given below: 





» . lds 
T = ease fee 
N* = ERON TUE 
4/ —63 — 5162 
pe se Ze Pg) (=6, TF 4 HN); 








V2 dsx -& ms 


F 1 
Ky = wav 4s — 6162), 








* 1 ds ôi — 55 EN] j f 
@ = Bi" T) ne (25365 + 6452 + 5154) 
3 192 
1 
} (+65 5 ) ( 6265 t 6263K ôi t 637) 
3 192 


Case 5.2. If k = 7, then TN-Smarandache curve Bry is a null curve. In this 
case, there is no calculation of Frenet invariants of Bry- 


6. GENERAL RESULTS AND EXAMPLES 


In this section, we will obtain the characterisations of TN, TB, NB and TNB- 
Smarandache curves of a regular curve parametrized by arc length a in a brief 
table given in the following without calculations. The calculations can be done by 
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using the similar way giving in Section 2-5. We will classify general results of these 
Smarandache curves with respect to the causal character of a. Also, we will give 
some examples related to Table 6.1. 


TABLE 6.1. The characterisations of Smarandache curves in Minkowski Space 





The casual charater of B 





The casual 






































character BTN BTB BNB TNB 
ofa 
7#0> KAT > Qn — 72 <0 T? KT <0 
spacelike spacelike => timelike => timelike 
2k? — 7? >0 T? —-rT>O0 
Timelike TiO nul ei eae => spacelike => spacelike 
2k? — 72 =0 tT? KT =0 
=> null => null 
2n2 — 72 <0 k -T> r0 kK? +rkT<O0 
=> timelike spacelike spacelike => timelike 
Spacelike with 
timelike 24? eiga 2 Os k = -T => null S0 null n? tnr a 0 
pinoia spacelike = spacelike 
Qn? — 72 =0 Kk? +47 =0 
=> null => null 
Spacelike with TA#O0> Kx -T=> R ROUS KT > 0 > timelike 
timelike spacelike timelike spacelike KT <O0> 
principle normal 7=05 null k = -T > null S0 null spacelike 
KT =0=> null 
$ 2 2 Kk? — 4kT +7? <0 
k ÆT => spacelike KO — 2K7T <0 T? — 247 <0 timelik 
=> timelike => timelike Prue se 
Null eT Kk? —2er > 0 T? —2nr > 0 K? —4er +T? >0 
= spacelike = spacelike = spacelike 
Kk? —2etr =0 T? —2nr =0 K? — der +7? =0 
=> null => null => null 





Example 1. Let 





a timelike curve parametrized by arc length. 


From the calculating of the Frenet invariants of a spacelike curve with timelike 
principal normal, we get k = 5/2 > 0 and 7 = -7/2 # 0. Hence, it follows 
that k A T, 2K?—7? > 0 and 7? — «rT > 0. From Table 6.1, under this conditions all 
of TN, TB, NB and TNB-Smarandache curves of œ are spacelike curves. Indeed, 
they can be given by using Definition 2.1 respectively, as follows: 


Brn (s) = 5 (V7,— (V5sins + V2coss) ,VBcos.s — VEsin s) 
Brp(s) = (v7+ v5) (1, — sin s, cos s) 
bng (s) = 5 (v5, - (V2coss + V7sins) ,—VZsin s + V7 coss) 


rype (5) 


= z ((v7 H v5), (v7 v5) sin s — V2coss, (v7 + v5) coss — V2sins) 
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It is obvious that all of the above curves are spacelike curves. They are shown in 
Figure 1. 

















Figure 1. Smarandache Figure 2. Smarandache 
curves of a timelike curve curves of a spacelike curve 
with timelike binormal 


Example 2. Let 


(s) : sinh : cosh v6 
a(s) = | — sinh s, — s, —=s 
v5 v5 v5 
a spacelike curve parametrized by arc length with timelike binormal. 


If we calculate Frenet invariants of a timelike curve, we get k = 1/5 4 0 and 
7 = —,/6/5. Hence, we have 2k? — T? < 0, k #47 < 0 and k? +rT <0. From 
Table 6.1, TN, TNB-Smarandache curves of a are timelike curves, and TB, NB- 
Smarandache curves of a are spacelike curves given as below: 


fax (s) = Ta (cosh s + v5 sinh s, sinh s + V5 cosh s, V6) 

Bre(s) = ae (cosh s, sinh s, —1) 

Beals) = Ta (V5sinh s — V6 cosh s, v5 cosh s — V6 sinh s, —1) 
Borne (5) 


= a ((1 — v6) cosh s + V5sinh s, (1 — v6) sinh s + v5 cosh s, V6 — 1) 


They are shown in Figure 2. 
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Example 3. Let 


a(s) = ($ cosh s, o sinh s, s) 


be a nonplanar spacelike curve parametrized by arc length with timelike principal 


normal. 


From the calculating of Frenet invariants of a timelike curve, we have k = /3/2 4 
0 and 7 = —1/2 4 0. Hence, it follows that x #4 —r, kr < 0. Thus, from Table 
6.1, TN, NB and TNB-Smarandache curves of œ are spacelike curves and TB 
Smarandache curve of a is a timelike curve given as below: 


Brn ( 


5) 








zz (V3 + 2sinh s + cosh s, V3 cosh s + 2sinh s, 1) 
NE ((V3 — 1) sinh s, (V3 — 1) cosh s, V3 + 1) 
z4 (2cosh s — sinh s, 2sinh s — cosh s, v3) 


i 
i ((V3 — 1) sinh s + 2coshs, (v3 — 1) cosh s + 2sinh 5, V3 + 1). 




















TOT rere 
v 6 g TTT a 
15 10 xe 

5 5 g 

w 
Figure 3. Smarandache Figure A, Smarandache 
curves of a nonplanar spacelike curves of a planar spacelike 
curve with timelike principal curve with timelike principal 
normal normal 


Example 4. Let 


a (s) = (coshs, sinh s, 1) 


be a planar spacelike curve parametrized by arc length with timelike principal nor- 


mal. 
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Frenet invariants of this curve can be calculated namely: k = 140 and 7 = 0. 
Hence, it follows that x # —r and kr = 0. From Table 6.1 TB-Smarandache 
curve is timelike curve, NB-Smarandache curve is spacelike curve and TN, TNB- 
Smarandache curves are null curves such that: 


Bry (s) = wa (cosh s + sinh s, cosh s + sinh s, 0) 
Bra(s) = Z (sinh s, cosh s, 1) 
Byng (8) Z (cosh s, sinh s, 1) 

Paes: = FE (cosh s + sinh s, cosh s + sinh s, 1) 


They are illustrated in Figure 4. 


Example 5. Let 
a (s) = (sinh s, s, cosh s) 


be a null curve. 


Frenet invariants of the above null curve can be obtained such that: « = 140 
and 7 = 1/2. Thus, we have k Æ 7, K? — 2kT = 0, T? — 2kT < 0 and k? — 
4kT +7° <0. By using these conditions, it is obvious from Table 6.1, NB, TNB- 
Smarandache curves are timelike, TN-Smarandache curve is spacelike curve and 
TB-Smarandache curve is null curve such that: 

Brn (8) = 545 (coshs, 3, sinh s) 

Prep (s) ~ (cosh s + sinh s, 1, cosh s + sinh s) 

bne(s) = (— cosh s + 2sinh s, 1, — sinh s + 2 cosh s) 
Brype (5) (cosh s + 2 sinh s, 3, sinh s + 2 cosh s) 


| 
-2i 


$ 


| F 


2 
2V3 
They are indicated in Figure 5. 


|- 





Figure 5. Smarandache curves of a null curve. 
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